Arfken Mathematical Methods 7e: Section 9.4 - Exercise 9.4.5 Page 1 of 5

Exercise 9.4.5

An atomic (quantum mechanical) particle is confined inside a rectangular box of sides a, b, and c.
The particle is described by a wave function ¢ that satisfies the Schrodinger wave equation

h2
" 2m

V) = Eqy.

The wave function is required to vanish at each surface of the box (but not to be identically zero).
This condition imposes constraints on the separation constants and therefore on the energy FE.
What is the smallest value of E for which such a solution can be obtained?

2h? [ 1 1 1
ANS. E=— =+ =+ =].
5 2m (a2+b2+02>

Solution

Since the box is rectangular, the Laplacian operator will be expanded in Cartesian coordinates.

2 821/1 821/1 821/1 O<zr<a
_2m<8$2 0y? +822> =, O<y<?b
O<z<e

The boundary conditions associated with the Schrodinger equation are as follows.

¢(0,y, Z) =0 ¢($,0, Z) =0 ¢($7y70) =0
Because the PDE and the boundary conditions are linear and homogeneous, the method of

separation of variables may be applied. Assume a product solution of the form
Y(x,y,2z) = X(2)Y (y)Z(z) and substitute it into the PDE

R [ 9 0* 9*
o | 52 XK@Y () Z(2)] + @[X(x)Y(y)Z(Z)] + 52 X @)Y ([Y)Z(2)]| = BIX(2)Y (y)Z(2)]

and the boundary conditions.

¥(0,y,2) =0 — X0)Y(y)Z(z)=0 — X(0)=0
v(a,y,z) = — X(@)Y(y)Z(z) =0 — X(a)=0
¥(x,0,2) =0 — X(@)Y(0)Z(2) =0 — Y(0)=0
W(x,b,2) = — X(x)Y(b)Z(z) =0 — Y()=0
Y(x,y,0) =0 — X(x)Y(y)Z(0)=0 — Z(0)=0
Y(z,y,¢) =0 — X (@)Y (y)Z(c)=0 — Z(c)=0

Proceed to separate variables in the PDE.

2
—2% [(X"(@)Y () Z(2) + X (2)Y"(y) Z(2) + X (2)Y (y) 2"(2)] = E[X(2)Y (y)Z(2)]

Multiply both sides by —2m/h?.

X" @)Y (y)2(2) + X (2)Y" () Z(2) + X (2)Y (y) 2" (2) = —
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Divide both sides by X ()Y (y)Z(z).

X/I Y// Z// 2mE
X vz T
Bring the second and third terms to the right side.

X/I 2mE Y// Z//
X Y Z
function of x function of y and z

The only way for a function of x to be equal to a function of y and z is if both are equal to a
constant A.

X h? Y A

X// B 2mE Y// Z// B

The second of these equations is

Bring the second term to the right side and bring A to the left side.

2mE N z" Y”
h? zZ Y
~—
function of z function of y

The only way for a function of z to be equal to a function of y is if both are equal to another
constant .
2mkE z" Y"

h? Z Y
In summary, by using the method of separation of variables, the PDE has reduced to three
ODEs—one in x, one in y, and one in z.

X/I

x A
Yl/
v =
_2mE_)\_Zi"_
nZ z M)

Values of A and p that result in nontrivial solutions to the ODEs are called the eigenvalues, and
the nontrivial solutions themselves are called the eigenfunctions. The ODE for X will now be
solved. Suppose first that X is positive: A = o?.

X" =a*X
The general solution is written in terms of hyperbolic sine and hyperbolic cosine.
X (x) = Cy coshax + Cysinhax
Apply the boundary conditions to determine C; and CS.

X(0)=C =0
X(a) = Cjcoshaa + Cysinhaa =0
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The second equation reduces to C'y sinh aa = 0. Since hyperbolic sine is not oscillatory, C's must
be zero. The trivial solution X (z) = 0 results, which means there are no positive eigenvalues.
Suppose secondly that A is zero: A = 0.

X// — 0

The general solution is obtained by integrating both sides with respect to = twice.
X(x) =Cszx+Cy
Apply the boundary conditions to determine Cs and Cy.

X(0)=Cy =0
X(a)=C3a+Cy =0

The second equation reduces to C3 = 0. The trivial solution X (z) = 0 is obtained, which means
zero is not an eigenvalue. Suppose thirdly that \ is negative: A = —32.

X" =_p3°X
The general solution is written in terms of sine and cosine.
X (x) = C5 cos fx + Cg sin Sz
Apply the boundary conditions to determine C5 and Cj.

X(0)=C5=0
X(a) = Cscos fa+ Cgsin fa =0

The second equation reduces to Cgsin Ba = 0. To avoid getting the trivial solution, we insist that
Ce # 0. Then

sin Ba = 0
Ba=kr, k=1,2,...
ﬁk:kja k:1a2a
a

Note that negative values of k are excluded because they lead to redundant values of A\. The
negative eigenvalues are A = —k?72/a?, and the eigenfunctions associated with them are

X (x) = Cscos px + Cg sin fx
kmx

=Cgsinfr  —  Xp(zr) =sin —.
a

The ODE for Y is the same as the one for X, and its boundary conditions are similar. Thus,

there are negative eigenvalues p = —1272/b? for [ = 1,2, ..., and the eigenfunctions associated
with them are ;
Y)(x) = sin %
The ODE for Z will now be solved.
2mE z"
3 —)\—7:u, Z(0)=0, Z(c)=0
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Substitute the values for A and p.

omE  k2mx%2 7V B 1272

T 7T e
" 2mE  k*n?  2n?
Z :_< 2 a2 b2 Z

If the value in parentheses is negative, then Z will be in terms of hyperbolic sine and hyperbolic
cosine. This will lead to the trivial solution as before. The same is true if the value in parentheses

is zero. We will assume then that it is positive.

2mE  k?m? [Px? 2mE
Z(z):C7COS\/m SR 7T2+Cgsin\/m -

h? a? b2 h?

Apply the boundary conditions to determine C; and Cs.

Z(0)=C7 =0

2omE  k2m2  [2¢2 . \/QmE k2m2 272
- - ¢+ Cgsin - -

Z(c) = Cycos \/ 2 " 72

The second equation reduces to

) omE  k2m? [2q2
CgSlIl\/ T 2 c=0.

hQ

To avoid getting the trivial solution, we insist that Cg # 0. Then

) \/QmE k2m2 272
sin

P e e
omE  k2m?2 22
S R S c=nm, n=12 ...
\/QmE k2n2 272 _onm
12 a2 2o ¢

Square both sides and solve for the energy F.

omE  k2x? [2q? n2n?

h2 a? b2 c?

Multiply both sides by h?/(2m).
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The eigenfunctions associated with F are

omE  k2n2 272 omE  k2n2 272
Z(z):C7COS\/m _E 7T2+Cgsin\/m Y,

h? a? b2 h? a? b2
) omE  k2m?2 [2q2 . nmz
= Cg sm\/ T TRt Zn(z) = sin —

The smallest energy occurs for the smallest values of k, [, and n, namely k=1,1 =1, and n = 1.

Therefore,
w2h? 1 1
Eminimurn = % D) + b2 +

According to the principle of superposition, the general solution for the wave function is a linear

combination of the eigenfunctions over all values of k, [, and n.

oo o0 0

kmx lry . nwz
(z,y,2 ZZBklnsm—sm7 1117
k=11=1
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